Math 148 Notes

Eason Li

2024 W

Lecture 2 - Wed - Jan 10 - 2024

Section 1

Key to uniqueness of solutions below
Rolle’s theorem which implies if
aG _
dor

then G is locally constant, i.e. if we focus on a point, the graph near that point is horizontal. You should

0
know the geometric idea behind the proof.

Section 2

General solutions to
dF

de

are given by a special solution plus a locally constant function. The set of solutions is called the indefinite

/f(x)d:v

integral of f and denoted as

Section 3

The solution to IF
e f, F(a) =0 over [a, b
is given by Fy(x) — Fy(a) where Fp is any choice of antiderivative. It is usually called the definite integral

and denoted as

/ " F(O)dt = Fo(x) - Fo(a)

Example 0.1



™

1
/ \/1—x2dx:Z
0

Hint: thinking about the unit circle.

Section 4

Proposition 0.1
If f(x) is an even function over (—o0, 00), i.e. f(—z) = f(x), then F(x) = / f(t) dt is odd.
0

Proof:
Goal: G(z) = F(—z)+ F(x) =0
Note: ££G(z) =0 = G(z) is constant function, and G(0) = 0. O

Proposition 0.2
Exercise: If f(z) is an odd function over (—oo, o), then F(z) = / f(¢) dt is even.
0

Lecture 3 - Fri - Jan 12 - 2024

We introduced some basic integration in the class, but I am a little too lazy to copy them down

since they can be found online easily.
Exercise: Prove:
d tan(z) 1
— arctan(z) = ———
dx V1—2z2
Proof: We let y = arcsin(z) and hence z = sin(y), therefore, we obtain
dy 1O 1 1
dr d% ~cos(y)  V1— a2

. dz _ dsin(y)
Remark: 7 = —2-=

as desired. O

Example 0.2
1

T LA P
(x —1)(z —2) S R S
=z —-2|+hnjlz-1]+C

dzx




Example 0.3

e = i

= tan(x) — cot(x) + C

However, sometimes breaking things up, so we need to introduce other tricks to make our life better.

Method 1: Substitution a.

Definition 0.1

dFoQG
dx

dG dG
_ / / _
—(FOG)<d ) = /FoGd =FoG+C

Example 0.4

@ 1
/ © _dx d(1+¢%)

14 e” :1+6m
=ln|l+e"|+C

Method 1: Substitution b.

Definition 0.2

/fo<p(t)<p'(t) dt=G(t)+C = /f(z) dr=Goyp tz)+C

Proof:
dGop~'(z) dG dp~!
dx Codt dt
_ dp do~'
—fOQO'E' dz =foyp

as desired. O

Example 0.5

Evaluate

1
/ dzr
et +1



We replace t = v/e¥ + 1 = x = In(t? — 1). Therefore the original expression is equal to

Method 2

Definition 0.3

‘We note that

Example 0.6

Therefore

[t [ atue 1)

2
~ [

:/(t+1)—(t—1) it

(t+D(t—1)
t_
=In t+1‘+0
d .. df  .dg
%(fg)*%!ﬂrf%

d, d
= fg+C:/—fgdx+/f—gd:c
dzx dz

= Jg+C=[gar+ [ fag

= /fdg=fg—/gdf

/ammmz/mmaw

:&m@—/ﬁﬂmm)
= e”sin(x) — /er cos(z) dx
= e”sin(z) — /cos(w) d(e”)
= e”sin(z) — e” cos(z) — /e”” d(cos(x))
/

= e”sin(z) — e” cos(x) —

e’ sin(z) dx

5 (sin(z) — cos(x))

/&mmm:

Lecture 4 - Mon - Jan 15 - 2024



Exercise: Show that .
d (f’ (y)) B 1

dy  flofy)
Proof: We know that
d dy
() (a7) =
dft(dfof '\
~ Tdy < df-1 )
df! 1
L w) =
df! B 1
T Tdy T Pel )
as desried. O
Exercise: Show that
1 FH @)~ F (5 @)

Proof: We know that

as desired. O

Example 0.7

Evaluate .
xe
/ (14 xz)?

Proof: There are two ways of doing this problem:

ze” z 1
s - _ d
/(1+x)2 dx /xe (1+1’)
xe® 1
= _ d (ze®
1+x+/1+aﬁ (we®)
xe® xe® + e®
=— +/ dz

1. Method 1:

1+« 1+
T
__we Lt 4O
1+«
BI
14



2. Method 2:
Notice that

R g
14w (14 )2

Therefore, we can obtain that

ze” e’ e’
/(1+x)2 dm_/1+xdx_/(1+x)2 dr

as desired. O



Tutorial 1 - Mon - Jan 15 - 2024

d
Problem 1. — arcsinz
T

Proof: Fundamental. O

Problem 2. [ (¢"+2)" du

Proof: Let t = e” + 2, so
/(em )0 g = /tw d(In(t — 2)

th
= dt
=

1
Problem 3. /12 dx
—

Proof:

[aa=-am a1 [ Girasy @

boom, one liner. O

- 9 1 m 00 2n
Problem 4. Find ;O(_l)nw given cosz = nzo(_l)n(;n)!

Proof: Solution = —xsinx + cosz. O

Problem 5. /lna: dx

Proof:

/lnx dz:xlnxf/x d(Inx)
:xlnx—/dx

=zl —-—z+C

too trivial. O




Problem 6. /ex cosz dx

Proof: Check Lecture 3 example 0.6 O

Lecture 5 - Wed - Jan 17 - 2024
Hardly any lecture notes today. @@
One of the most important example would be
Example 0.8

We would like to figure out what the following is:

1
/ (t2+ 1)k dt

Here, we need to use a method that brings down the power "k”, and thus we can evaluate the indefinite
integral using ”induction”. (However, due to the low time efficiency of this method, only use it when
you have no other choices).

Proof: We evaluate

1 t24+1—1¢2
(t2+ 1)k (t2+ 1)k
1 t2
= ——dt— | —— dt
/ = / (2 + 1)F

1 1 , 1 1
_/(t2+1)k*1 dt_kfl/t '%d((t2+1)k1>

it g | [ e
B EGES 2k —2 | (124 1)k 1 (t2 + 1)k-1
N— —

*

Notice that we can evaluate the leftmost part easily, and we have successfully brought the power down to

k — 1. Thus, repeating the process will eventually bring us the desired solution (Just tedious :3). O

Example: We will talk about how we can change the variable using trigonometry next lecture.
Lecture 6 - Fri - Jan 19 - 2024

Recall from last lecture, , we try to solve / 5 dx, the trick is that the above expression is

1
(1+22)
1+ 22— 22 : ;
equal to W dx, and thus we can break the question down and bring the exponent down by 1.

1
Exercise: Do the same trick for / ——— dx.
(14 22)3
. . . Q(z)
In general, if you have a rational function, Pl)
x

the question down by factor the denominator and group the like terms (this is the algorithm behind how

such that deg(Q) < deg(P), we can always break

computer solve such problems).



However, there are also other cases, suppose we have / R(cos(6),sin(0)) db,

z+y 1 x7

B 4+y3 x4y 2 +6y+8yST

Example: R(z,y) =

Weierstrass substitution

There is a trick called Weierstrass substitution, by taking ¢ = tan g, we can simplify the question a lot.
Remark: The intuition behind this method is the unit circle.
Therefore, we want to solve the system of equations

y=t(x+1) P+ +1)%2 =1
=

2 +y? =1 A+t)a? 4222 4+t1—1=0
Since we know that one of the solution is 1 = —1, we can then obtain that (by Vieta’s Theorem) the other
11—t 2t
solution is xo = Ty Y2 = 78 And this implies that

2
(cos(0),sin(f)) = <1+:§2’ 1—2|—tt?>

Therefore, we can substitute the solution back into the integral and obtain / R(cos(h),sin(8)) df =

11—t 2t
/ R <1+t2’ 1+t2> df, and after solving for df (recall that we have ¢t = tan g), we simplify the question
to just solving for rational functions (which we are more familiar with):

/R 1—t2 2t 2 dt
14+t2714¢2) 1+1¢2

Example 0.9

We can also derive them in the direct way to check out solutions:

o = cos(6) = cosz % —s%nzg y = sin(6) = QSiggC?Sg
cos? 5 +sin” § cos? 3 —l—sm2g
_1—tan2g B 2tang
_1+tan22 _1+tan2g
1—¢2 _ %
142 1+ ¢2

Example: Suppose we have R(z,v/1 — 22) dx, we let © = cos, then we can obtain that

R(z,/1—2?) dx = —R(cosf,sinb)sin b df



Example: Suppose we have R(z,vxz? — 1) dx, we let z = 6”’;7”, then we can obtain that

R(z,v/22—1)dx =R (e +2€ , ¢ _26 ) c _26 du
eb+e ™ et —e "\ 1— (e*“)2
= d u
R ( e ) L e

And then we let ¢t = !, we would then obtain a rational function that we can easily integrate.

Feymann’s Trick
It is important for us to remind you that this is the trick a physicist used @@.
Example 0.10

* sinx

Suppose we want to find / dx. The trick is that assume we want to compute something

0

like F(t) = / ST —ta dx, so our goal is to find F'(0). Taking the derivative of it to obtain
0 x

e tsinx + cosx o 1
F'(t) = —/ sinze™ " dx, which yields us the answer: W@’m = 1o Moreover,
0 0

we know that F'(co) = 0, so we can get F'(t) = arctant + 7, which gives us that F'(0) = 7.

Tut 1.1 - Fri - Jan 19 - 2024

I dont guarantee everything in this section is correct, I just copied :3

Suno’s (Ethan’s) version of notes is called riemann_integrable_countable_disc.pdf

When is a function integrable?

We first need to know some definitions:
Definition 0.4: Countable

S is countable if there is a bijection between N and S.
Example: Q@Q is countable, while R is not countable.

Definition 0.5: Open & Closed
For an open interval U, if « € U, then there exists § > 0 such that (x — §,2 + ) C U.

We call an interval C closed if R\C is open.
Example: (0, 1) is open, while [0, 1] is closed.

Definition 0.6: Oscillation

10



The oscillation on an open interval U is

wp(U) = sup |f(y) — f(z)|

y,zeU

aIld t}le OSCIHathIl at a [)()ln‘ To 1S
— h][l f - h + h

Remark: Oscillation at a point is a measure of how discontinuous the function is.

Result 0.1

What does it maean to have wy(xo) = 0, this means that we would have }llir% wy(zo — h,zo +h) =0,
—

which is equivalent to
lim s [fy) - () =0
=0y, z€(mo—h,mo+h)

hence if & is 4, then we would have |f(y) — f(z)| < ¢, which means the function is continuous!

Example 0.11: Removable discontinuity

Suppose we have function

R )
flx) =
6 =2
Therefore, we have ws(2) =6 —4 = 2.
Example 0.12: Jump discontinuity
Suppose we have function
1 z>0
flz) =
-1 <0
Therefore, we have wy(0) = 2.
Example 0.13: Essential discontinuity
Suppose we have function
1
fl@) = =

therefore we have w(0) = oo.

11



Definition 0.7: Compactness

A set K is compact if for every open cover on K there exists a finite subcover. We mean open

cover by

Definition 0.8: Reachable

We say that x € [a, ] is reachable if [a,z] can be covered by finitely manu open sets

Theorem 0.1: Heine-Burel

If a set S is closed and bounded, then S is compact.

Proof: To prove the theorem, we have two steps
1. Prove that [a,b] is compact
2. Prove that S C [a, b] is compact

To prove (1), if b is reachable, then we are done. If b is not reachable, then let = € {x € [a,b] :

x is not reachable ¢, thus there exists a greatest lower bound 5. We take some small interval [a1,b1] 3 xo.

By archimedian property there exist x1, 22 such that a; < 1 < zg < 3 < b;. Thus we have

To > X9 — o is not reachable

x1 <xp — 7 is reachable so [a,z1] can be finitely covered

Take covering for [a,x1] and add the open set (a1,b1), so [a,x2] is finitely covered, which implies that zo is
reachable, contradicting our assumption. Therefore [a, ] is compact.
Now we want to prove (2). If S closed, and S C [a,b], we let {Ui}

be open cover for S,
1

oo

then {Ul} U {[a,b]\S} is an open cover for [a,b]. Then there exists finite subcover of [a,b] given by
i=1

Ui, ...,Un,[a,b]\S, so S is covered by U;, ..., U;n. O

Now we can go back to our original question.
Let f : [a,b] — R have countably many discontinuities. Define D; = {:C € la,b] s wy(z) > s} for

some s > 0. Take some z¢ € [a, b]\D, we would have ws(z¢) =t < s, then

Y,z€

w1~ ) | <
(:Eo 7‘h,£130+h)

for small h. For y € (g — h,xo + h), we have

¢ < s+t
~~ " 2
s—t

2

<t+

) 'f(y) e




which implies that w¢(y) < s for y € (2o — h, o + h), which further implies that [a, b]\ D is open.
Therefore we have Ds C [a,b] is closed is bounded, which implies compactness, and it is countable
because it is the subset of all discontinuities.

0 > € €
DS:{SZ}M CU( 2042(M —m)’ Si+2i+2(M—m)>

where M = sup f(z) and m = sup f(x). We then define
z€Ja,b] z€Ja,b]

@b\ U £

—_———
wy(wo)<s

to be C, then there exist d,, such that for all y, z € (z¢ — dz,, o + dz,) We have ’f(y) - f(z)‘ < s. Therefore

{(:co — Oy, To + 0zy) : To € C’}

is an open cover for C, and because it is closed and bounded, so it is compact. Hence there exist finite

subcover
(1'0 - 6:1707 Zo + 6:130)7 ceey (xk: - 6mk,$k + 53@,)
SO
T — 03, + 05, and I ,.... L,
| —
Co Cc—-2

together cover [a,b]. We can then choose a partition P of [a, b] such that each interval

U(f,P) = L(F,P) = > (M) - yz)AymLZ( m(y:)) Ay

Cy

< (M —m)> Ay + (M - mZAy,

Cl CQ

13



Moreover, we know

< (M—m)Z; QZ(ME—m)
< (M- m)2(M€— m)
2

(M—m)> Ay <s) Ay
Cz CQ
< sZ(bfa)
Ca

and because we know that s is arbitrary, so we can simply choose s to be

€
2(b—a)
Lec 7 - Mon - Jan 22 - 2024

Given function f continuous and the graph as shown below,

<

/!
Iz
Z

Goal:
Define the area of the shaded region

A(z)

and show that < gim) =f

14



Remark: The intuition lying behind this is that assume A(z) is well-defined, then we would have

dA ~ im Az + h) — A(x)
dt h—0 h
X /
= lim he @) for 2’ € [z, + h]
h—0 h
= f(z)
since ' is getting close to x?
Riemann Sum
e

/|

<
.

L3

T INNNSSTG
- / SNN

Q

L
<2

o

Rt

Suppose we have partition

T:xp=a<x1 < <z =1,

||T|| = maxi<j<n Az;

= Maxi<i<n|Tit1 — L5

then we have

We also define

A(z) = /x f@®) dt= lim S(T,¢)

T[]0

and we know that if limjp) 0 S(7T, &) exists, then there exists A(z) so that for any € > 0, there exists § > 0
such that if ||T|| < §, then
|A(2) - S(T6)| < €

15



We know that lim S(T,¢) is "indeed well-defined” (Chen, 2024), and we define

[I1T1]—0

S(T) = Z M;Ax;  M;= sup f(z)

1<i<n {11‘,11‘4—1]

S(T) = Z m;Ax; M;= inf f(z)

15i%n (@i, 2i41]

Result 0.2

Therefore we have the following result

S(T) < S(T,€) < S(T)

Example 0.14: Key observation:

Given two partitions T and T”, we have
S(T) < S(TUT')<S(TUT') < S(T)

because of the monotonocity of the partition.

Therefore, now we want to show that

lim S(T
I\TH%O*( )
exists.
Proof: We need to show that H%illln Oﬁ(T) = sup S(T). SFAC that the above statement does not hold, then
- T
we would have lim S(7;) < supS(T). Therefore, for some 77, we have lim S(7;) < S(T”). Note that
[1T3]|—0 T [T [1—0

S(T") < 8(T; UT") ~ S(T;) for i large, which implies that S(7") < lim S(7;). O
7

Remark: Similarly, we can find that lim S(T) exists too (by taking the negative of the original function

171|—0
m S(T)) again.

and argue for the lim S
[ITl|—0

Theorem 0.2

lim S(T)= lim S(T
[|T[]—0 @ HTllﬁoi( )

Proof: It is equivalent to show that

lim Mi —m; Al‘i =0
HN%Z] )

Since f is continous, then for all ¢ > 0, there exists § > 0 such that for z; — zo < & we would have
f(z1) — f(22) < e. Hence we let the partition to be smaller than §, and thus we have M; —m; < €, which

16



implies

lim M; —m;))Ax; =0 <€
IITH—>OZZ.:( )

and thus we have limz M;Ax; = Olimz m;Ax; =0. O

Lec 8 - Wed - Jan 24 - 2024

Chen noticed that the last lecture was not rigorous enough (plus the fact that we are waaaaaay
ahead of the other section), so he decided to do the proofs ”a lil more” rigorously :3.

Recall from last lecture, we want to prove that

Goal 0.1

Show that lim S(T) =supS(T) exists
[IT:[|—0 T

Proof: SFAC that the limit does not approach the desired value, instead, suppose we have

li S(T) < S(T
A S0 < oS0

Hence we can find a new fixed partition 7" (”this is true” - Chen 2024) such that we have

lm  S(T) < S(T') < sup S(T)
[1T:]|—0 T

which is equivalent to saying that S(7”) lies in between | liﬁn S(T) and sup S(T). Nevertheless, we can
T;||—0 T

also find that the total difference between

lim S(T}) — lim S(T; UT') < lim (maX|f|-||Ti||- i )

[|T:l]—0"" i—o0 T ITi]—0
fixzed fixed
=0
Therefore we concluded that quiﬁn S(T) is arbitrarily close to S(T”) for whatever partition 7" we choose,
i||—0
and thus we can conclude that ! lilrln S(T) =sup S(T) exists. O
T;||—0 T

Exercise: Using the similar argument, show that IITlilrln og(Ti) = ir%f S(T)
il|—

Goal 0.2

Show that lim S(T)= lim S(T)
[1T]|—0 lITl|—0

Proof: It is equivalent to showing that

lim (Q(T) - E(T)) =0

T]|—0

17



which is also equivalent to showing that

I|T[|—0 ( Z ( ) )

i=1

To show the above equation, we need to recall that we assume function f to be continous and bounded,
thus by Heine-Cantor theorem, it is uniformly continuous on a closed bounded interval. Therefore, V € > 0,
36 > 0 such that for all 21, 20 € [a,z], if 21 — 20 < §, we would have f(z1) — f(22) < e. This means a lot to
us because now for our small enough partition, we have

n

Z(Mz —m;)Ax; <€ Z Ax;
i=1 i=1
=elb—a)
which trivially approaches 0 as € gets indefinitesmally small. Therefore, as a result, we obtain that

lim S(T)= lim S(T) isindeed true. O
[IT]]—0 [IT1|—0

Result 0.3
1. If f is bounded, then lim S(T)= lim S(T) are both well-defined.

[1T]|—0 IT]]—0

2. Definition below.

Definition 0.9: Riemann Integrable

Given f bounded over [a,z], if lim S(T)= lim S(T),
[IT]]—0 7] —0

then f is called Riemann integrable over [a, x].

Exercise: Show that an increasing function over [a, z] is Riemann integrable.
Proof:
O

Lec 8.1 (Shum section) - Wed - Jan 24 - 2024

Fundamental Theorem of Calculus
Theorem 0.3: FTC

1. Suppose F' is differentiable and riemann integrable, then we have

18



2. Suppose f is continuous and integrable, then we have

d xT
2 / () dt

= f(zo)

T

Proof:

Theorem 0.4: Extended FTC2
Suppose function f is continuous on [a,b] and ¢ : [¢,d] — [a, b] be differentiable on [c, d], then

d 9@

d J,

f@t) dt = f(g(x))g'(x) V€ (cd)

Y g9(z)
Proof: Define G(y) = / f(t) dt, and thus F(z) = / f(t) dt = (G og)(x). Therefore, by chain rule, we

can obtain that

as desired. O

Example 0.15

¥ sin(t)

Differentiate the sine integral function Si(x) = /

a

. : . gsin(@)  z#0
Proof: We should interpret this as the integral of f(z) =< . By FTC2, we then have
1

rz=0

9710 sin(zg) o #0

o ]- xOZO

as desired. O

Example 0.16

Evaluate i / sin(?) dt
d.’L' 1 t

Proof: We simply have

constant term

as desired O

19



Example 0.17

d [* sin(t
Evaluate — / sin(?) dt
dl‘ 0 t

Proof: We have

d [ sin(e)  sinlo(e)
o st =

=) 220
T

However, when x = 0. we have g(z) = 0% =0, ¢'() = 2(0) = 0, and f(g(0)) = 1, thus

as desired. O

Lec 9 - Fri - Jan 26 - 2024

Theorem 0.5

If function f > 0 over [a,b], then
b
/ f(z)dx >0

and the equality holds if and only if f(z) =0

Proof: Since we know that

b
/f(;v) dr>0= lim S(T)= lim ZmiAxi

Tl—0"" [|1T||—0 =
=1

where we know that both m; and Ax; are greater or equal to 0, thus the whole thing > 0. O

Corolary 0.1

As a consequence, suppose f and g are continous, we have

(/a”fgdxfg (/a"fz dm> (/ dx)

Proof: We know that X
/ (f +tg)* dz >0

20



Hence we define . . .
G(t) = t2/ dea:—l—2t/ fgdx—|—/ f2de >0

which is essentially a parabola, so we consider the minimum point of the porabola:

Jotgds

G/(t) =0 = ty=
f:QQ dx

Therefore, pluging to into G(t) we can obtain that G(ty) > 0, which gives us the result. O

Theorem 0.6: Fundamental T of Calculus

We have P
& | fod= 1@

Proof: Notice that

[P ) dt— [T f(t) dt

LHS = lim
h—0 h
x+h
= lim f“" i f(t) dt
h—0 h

Therefore we can obtain that

x+h
LHS — RHS — tim Jo 10 = /(@) dt
h—0 h

Since f is continous at z, then for all € > 0, there exists § > 0 such that if |t—z| < §, we have |f(t)— f(x) < €],
this yields us that

h—0

= h>0 |h]

as desired. O

Result 0.4

Why do we need such an abstract consequence?

Example 0.18

Suppose we want to find

21



We now know that

F(0) =0

The question we solved before (HW1 & HW2) all have explicit solutions, but for this one, we cannot
find a direct solution. The above result suggests that there exists a theoreticla solution.

Exercise:
dF —a? noo( 1)”1}2”
dxr 0 n!
0o n .2n+1
L p_nm (-1)"x
0 (2n + 1)n!

Example 0.19

Evaluate

Proof:

Hence our goal is I(o0)

i
Jo%S) 7t2ﬂ32

= t/ ¢ dz
0 1 + LL’2

I(t
Notice that we have I(0) = 0, and lim 0 = E, thus
t—0 ¢ 2
oo ,—t*(z®+1)
(et :/ SE—
( )e 0 1 +x2 x
d (4 —t2 = —t (z'41)
= —(t I(t)e ): —2t dz
dx 0
= ~2¢"I(x0)
N / 4 (1) = 2/ 2@+ gr7 (o)
o du 0
—¢2
1
IO (U —21(00)?
t—0 t
= —g = —21(c0)?

22



, thus implying that

/ e dy = ﬁ
O 2

which yields us that I(co)

_ VT
2

as desired. O

Lec 10 - Mon - Jan 29 - 2024

— Goal 0.3

oo o0 o0
There is another approach of computing / e~ dz by considering / e dz / et dt. The
0

— 00 — 00

intuition is thinking about the diagram in three dimensional space, and we are calculating the volumn

of the shape. We will learn how to deal with this in the future.

Substitution

Theorem 0.7: Substitution

Remark: Recall FTC2 a bit from Shum’s section.
We have

b B
[ t@yde= [ souv) o)
where ¢([a, 8]) = [a,b] and ¢’ exists (idealy continuous).

®(8)
Proof: Notice that LHS = / f(z) dx, thus

a

;%LHS=ﬂﬂMWWW)
d

g

since ¢([a, B]) = [a,b]. Hence LHS = RHS. O

RHS = fop(B) ¢'(B)

Integration by Parts

Theorem 0.8: Integration by Parts

‘We have
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Proof: Notice that

d
A LHS = u(b)v'(b)
% RHS = u/(b)v(b) + u(b)v'(b) + v(b)u'(b)

= u(b)v'(b)
Hence LHS = RHS. O

Example 0.20

Find /1 arctan x e
0 1 +x

Proof: We can find that

1 1 1
t t 1 In(1
/ arc anxdx:/ Mdln(lﬂ):arctanxln|l+x“ _/ In(+z)
0 l1+=z o 14z o Jo 1+a?

Thus the point of the question is we want to evaluate the latter part, to evaluate, we have the following two
methods:

1. Method 1

Let = tan 6, thus we have

In(1 /4 In(1
/ n(l+z) / In(1 + tan6) dtan
o 14+a2 0 1+ tan?6

/ n(1 + tan6) df

(=)

/ n(sin 6 + cos ) df — / In cos 8 db
0

/0 In (\/§SIH(9+4)) d9/07r/41nc089d0
:/OW/4lnﬂd9+/oﬁ/4ln(sin(9+Z)) d@—/(JW/4lncos<9d0

0

2. Method 2

1

In(1+¢

Let / % dz, notice that I(0) = 0 and out goal is I(1).
0

xT

1
I(”‘/omxz)mmdx

1 /1 t L2 t J
= — T
1+82 Jp 1+22 1422 14tz
T 1 n2 1 In(1+¢)

4142 2 142 1+t2
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as desired. O

Lec 10.1 (Shum section) - Mon - Jan 29 - 2024

Substitution

Theorem 0.9: Substitution rule for definite integrals

Let u : [a,b] — I be differentiable with continuous derivative on [a,b] and let f be continuous on I,

then \ o
du “
[ G ar= [ an
Proof:
d d d d
G F@) = goF@)| o] = fu) - 5 @)

By FTC1, we have
u(b) d
[ 4P du=Fu®) - Fu(@)
u(u) du

fu)
Also, by FTC1,

b du
[ futa) G do = 60) - 6la)

d
where G is the antiderivative of f(u(m))d—u We can take G = F o u, then
x

b du
[ #uta) G do= Fu) - Futa)
as desired. O

Example 0.21

S|
Find / dx.
0o 2x+1

d
Proof: Let u = 2x + 1, then d—u = 2, thus
x

2 2
/;dlﬂ:/Ll@dz
0 2x+1 o u(x) 2 dx




as desired. O

Proposition 0.3
Let f be continuous on [—a, a], for some a > 0
1. If f is even, then

_a f(z) de = 2/0af(m) dx

2. If f is odd, then

f(z)dx=0

—a

Proof: for part 1 By addition property, we have

a 0 a
f@)de= [ fa) de+ / f(z) da

—a

By even property,

0 0
fa)de= [ f(=o)

—a —a

Use substitution with u = —z, then we would obtain that result. O

Inverse Trigonometric Substitution

Example 0.22

Find /93\/17:172 dx and/\/lfx2 dx
Example: This is ann example which is impossible to solve if use the conventional substitution

method.

Example 0.23
1

Find / V1-—22dz
-1

Proof: let z = sinwu, thus we have

1 /2
/ \/I*IQdI:/ cosucosu du
-1 —m/2
/2
:/ — (1 4+ cos2u) du
—7/2 2
NS WSANLE
= 5 u §Sln u 77{_/2
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Thus the final answer is g |
Tutorial (Shum section) - Mon - Jan 29 - 2024
Example 0.24
Find / ety
o Inzx

Proof: Feynman’s Trick (Leibniz integral rule):

b b
%/a f(z,%) dx:/a %f(x,t) dx

1.t
I(t):/x L
0

Inx

We let

Thus our goal is to find I = I(1) — I(0), now we have

0 o [tat—1
%I(t)_Q/O Inz de

1 t+1 1
:/xtdx:x ’ :L
0 t+1lo t+1

Therefore, recall the FTC and what we have written down, we have
1
I=1I(1)-1(0) = / I'(t) dt
0
1
1
- / B
o t+1
which is simple to evaluate. O

Tutorial (Chen section) - Mon - Jan 29 - 2024

Problem set

1 2
1. Let f(z) = 22 on [0,1], let Tn:{O,,7 ,1}
n'n
(a) Compute S(T,)
Proof: We can find that
_ "1 (i)’
T = N

-5 ()

n+1)2n+1)
6n?

—~



as desired. O

(b) Compute S(T},)
Proof: Similarly, we can find that

E(Tn) = g(Tn) -

n

I think this is right? O

1
(¢) Use this to show that f(x) is Riemann integrable and computer / z? dx
0
Proof:
O
nn+1)(2n+1)

HINT: You may want to use Z 2 = 5 .
i=1

2. Let

fx) =

S gl
S
Il
o

Is f(x) Riemann integrable on [a, ] or not? Why or why not?
3. Show that "
/ 6_902 dr<l+4+e !l —¢®
0
CHALLENGE: Can you find a better bound?

4. We know that continuous functions are Riemann integrable, but the inverse is not true.

(a) Find a discontinuous function which is Riemann integrable, prove by showing lowver sum is equal
to the upper sum.

(b) TRICKY! Find a Riemann-integrable function with infinitely many discontinuities.
Proof: Consider

1 x:%forn:l,Q,...
fz) =

0 otherwise

as desired. O

(c) Challenge: Find a function with uncountably many discontinuities.

28



Lec 11 - Wed - Jan 31 - 2024

1
In(1
Recall from last lecture, we wanted to evaluate / M

g dx, and we can parameterize it by
0o a+z

defining

Example 0.25

parameterize

[(t):/o de

a+ 22

Notice that 7(0) = 0 and our goal is I(1).

How accurate is Taylor Expansion?

Suppose we have functino f and first order Taylor polynomial, then

|f—f1| = O((x—xo)Q)

We will show that the difference is bounded by M (z — x¢)? if | f”(z)] < M.
Remark: This is an application of the Fundamental Theorem of Calculus.

Suppose function f(z), then the first order taylor polynomial of f at point a is

fix) = f(a) + f(a)(z — a)

and we define the error by

R = f(z) = f(a) + f'(a)(z — a)

Goal 0.4
I_The key idea for this is to view R as a function of @ while z is fixed instead.

Therefore, we have

R(a) = f(z) — f(a) + f'(a)(z — a)

Hence we have
R(z)=0

9B — —f'(a) + ["(a)(x — a) + f'(a) = ["(a)(z — a)

Therefore we have

R(a) :/ le—{%dd

a

- [ @ - ) da
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Our goal (claim) is

for some £ between z and a.

Proof: As a consequence of the IVT, for some £ between x and a:

[ —=f"(a)-1da

fa 1da = _f“(g)

because we know that

[*—f"(a)-1da , ~ )
= ¢ inf —f"(a), sup —f"(a
fz 1da a€lz,al f ( ) ae[zl?a] f ( )

Reasonable eh? O

Therefore we have
iy - L=
Therefore,
F@) = f@) + 1) — )+ LEOUZ o g2
for € € [z,al.

Exercise: Do the same process for the 2" order Taylor polynomial.

Example 0.26

What is the meaning for

o .
sin x
dx
O .Z'

Example: Suppose instead we have
tsing

dx

lim
t—o0 0 X

if ¢ is finite, then it is well-defined, the key reason for this is because this oscillates.

30



Example 0.27

We first consider a special case:

7 Gin g

lim
n—oo [ x

Proof: Notice that the sum is bounded by 0 and a;, and the area keeps increasing as n — oco. O
Remark: Oopsies, time’s up for Chen.

Lec 12 - Fri - Feb 2 - 2024

~— Goal 0.6

We want to find

and make it rigorous.

What is the meaning?

o0t t s
sinx . sinx
dxr = lim dx
0 x t—o0 0 x

the reason why we introduce the limit is because infinite partition does not make sense (not defined).

Why does the limit exist?

Example 0.28: Counter Example

001 . t]. .
— dr = lim —dr = lim Int = oo
1

T t—oo /1 X t—o0

As an counterexample, the above does not exist as R. However, in our case, we can define

T Sin g
Szn = dx
0

T

Y

,
Refering to the diagramm above, we denote each area of the region as {a; };cn, thus we have

Son = a1+ (—az +az) + (—as +as) +--- < ay

Son+t2 = San + (—G2n+1 + Q2ny2) > Son

31



(note that we can group them because we have finite number of terms). As a result, we have

lim S,, exists
n—oo

General Case

~— Goal 0.7
Claim: .
lim Sy dx
t—o00 0 xX
exists.

Proof: We have

t s t .
sin sin
/ dr = So(n_1)x +/ dx
0

T 2(n—1)w T

Suppose t € (2(n — 1)m, 2nm), notice that

t . t
1

/ S dr < —/ sinx dx

2(n—1)wr T 2(n— 1w 2(n—1)7

1 2nm

IN

_ sinx dx
2(77’ - 1)7T 2(n—1)m
T —

—0

which implies that the integral exists. O

Remark: On the other hand, we here provide another alternative proof.

Proof: We have . .
/ sin x do — / sin x dz + lim sin x d
0 o <

T t—oo fq T

Note that

tsinx tq
dr = — — dcosx
1z 1 X

cosx|t tcosz
— 5 dx
xz I 1z

Now the question becomes:

t

Ccos ¥
Whether lim /
t—0 0

dx exists or not?
22

Proof: SFAC it does not exist, then 3 ¢y > 0 such that V i, 3 s; > ¢; > i such that

% sinx b ginx
5 dr — 5 dx
i € 1 X

> €

32



We can easily find out that

1si
__Et1
_1.1
o S; ti

1
< —

t;

which contradicting since we have 0 > ¢y > 0. O

as desired. O

Result 0.6
Here we have two results:

(a) Suppose a; — 0, then

exists.

(b) Suppose |g| < |f| (continuous), if

exists, then

exists.

Recall Feynmann’s Trick, we had

33




Our goal is to find I(0), we have

o 1
:/ —sinze ¥ do = — t>0
0 1+ ¢2
0
:/I’ ) dt + I(o0)
0
:/ dm—i—]( )
o0
T
2

In this process, we assumed that
lim I(t) = I(0)

t—0+

but we wonder why is this true?

Example 0.29

oo : oo :
. sinz _ sinz . _
lim e dy = lim e % dx
t—0+ 0 xr 0 Tr t—0t

~— Goal 0.8

We want to show - .
sin

(e_t”’ - 1) dx

t—0t 0 €T

is small.

Proof: We have

oo . N . o -
lim [ =5 (e 1) de = / T (e —1) do+ / e
0 N

t—0+ Jo x x x

A B

Hence we choose large enough N, we have |B| < %, and we can choose small enough ¢ such that |[A] < % |

Here we provide an alternative proof:
Proof: We have
* sinx ®© et 1
/ —(e*t"’”—l) —/ —— dcosx
N x N T

e tr — 1 00 o0 e tr — 1
= ficosx‘ +/ cos d<>
X N N X

as N—oo, =0

as desired. O
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Lec 13 - Mon - Feb 5 - 2024

— Goal 0.9
Recall from the last example, we want to know that

(a) 1(0) = I(0*) = Timy o+ I(t)

(v) ol .
_/ SNz __y, d:c:/ asinz 4
dt 0 x 0 dt =

Proof: of (a)
We want to know that

o0 . o0 s

sin x . sinz _

dr = lim e gy
0 e t—0+ 0 X

Hence it suffices to prove that

00 i N o s
/ MY etr g — / _3111:0(67“ —1) d:z:—|—/ _8111:0(67“ —1)dz=0
o 7 o T N T

A B

(i) Step 1: Choose N large, so that |B| < g

es} 7t93_1
|B|:—/ C T deosa
0 x

e—tN -1 o] d e—tac —1
= Tcos(N)—i—/N oS T (T) dx

€
where we can make both expression smaller than T which is small enough for us to prove our argument.

(i) Step 2: Fix N, choose § so that if 0 < ¢ < 4, then |A| < g

CLAIM: 3 § such that if 0 < ¢ < 8, then " — 1| < ——— for all z € [0, N], where My = N - sup |

2My [0,N]

N
</
0

SN

[0,N]

xT

As a result of the claim, we have

N .
/0 Sl%(e_m—l) dz

sinx| €
—— dx

2M,

T

sinx| €
T

2My

€
2

Thus it suffices to prove the claim:
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1
SFAC that for all = 30 < t; < 9;, but

e

t,i;m _
[ =1z 5

for some x; € [0, N]. However, since we know that x; exists in a closed interval and therefore as t — 0,
we have t;x; — 0, and this implies that

3
0=let® —1|>— >0
= 2M,

which is a contradiction.
thus we complete the prove. O

Proof: of (b)

we know
d [*sinx _,, ) % sing e~ ®(tth) _ g—tx
— —e dr = lim dzx
dz J, x h—0 J x h

“sine d, _,
(et ¢
/0 x dx(e ) do

and we have already shown that

exists, so it suffices to prove that

lim
h—0 Jo T

* sinx (e‘m(ﬂ'h) —et®

; - (—xe_m)) dz =0

Remark: Repeat the prove in part (a)
GG O

Lec 14 - Wed - Feb 7 - 2024

A Computation (wont be tested)

Notice that

i
We can view — as a function over C.
T
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Result 0.7

‘We have

eiz
/ —dz =0
Crr %

(the intuition here is the displacement of you walking from point R to point R, which is essentially 0).

Proof: There exists F' over

~
8

such that
aF _ e
z z
1z d
= / 6—dz:/ F’(z)—zdt
C1 R < C7-,R dy
dF
= ) g
c, ., dt

Therefore, try to evaluate the integral from 0 to co, we would like to have r — 0% and R — co. Thus

0~ o0
[k o
Cs CO+ oo 0
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Therefore we have

. . 0

el? ™ ezRe )

—dz = 5 dRe”
Cn % o Ret

— / ,iei(R(cos 0+isin0)) de
0

T
_ ’L/ e—RsmGechose do
0

eiz K .
/ Z_dz S/ e—Rsme do
Crr # 0

and we know that the RHS approaches 0 as R approaches 0, thus completing the proof. O

Therefore we have that

Lec 15 - Fri - Feb 8 - 2024

We want to explain why

Proof: By the taylor remainder theorem, we know that

e —1)gp2ntl i (2n+3)
S C g

(2n+1)!  (2n+3)! ye

(x—a
n=0

and easy to find that the RHS is approaching 0 as n — co. O

What if we dont know that the infinite sum is equal to sinz?

Note that for z fixed, we have that

-1 nx2n+1 1
()t
(2n 4+ 1)! AL

for large n.

Our claim is

converges as N — 00.

38



Proof: SFAC that this is not true, thus we would have that 3 ¢y > 0 such that V N, 3 Ay < By < N such
that
’SAN _SBN’ > 0> 0

Notice that for the LHS, we have

n 2n+1

‘SAN_SBN‘ Z‘ 2n—|—1

A”11

< -
o AVAL

TL:BN
1
< 2BN—1

Similarly, we know that
n 2n+1

de 2n—|—1

also converges.

Therefore, we want to show that
d i (—1)ng2n+l i i g2+l
dxno (2n + 1)! o dx 2n—|—1
Recall the definition of derivative, STP that
We can split the summation into two parts as shown following:

N+1

Therefore, we can choose large enough N so that Z < g, and for such fixed N, we can find small enough
N+1

N
h such that Z is also smaller than g, thus we have completed the proof. O
0

Lec 16 - Mon - Feb 12 - 2024

Recall from last lecture, we have that

1 (o)
12233” for |x| <1
n=0

39



Our goal is to show that

d 1 > d ,
i D O i
To do so, we need to show
1. The RHS is well-defined

2. Commutativity of the derivative

We first prove the first goal, that is, proving that the RHS is well-defined.
Theorem 0.10

Here comes the trick:

ap = |nx”*1|
Therefore we can have
lim a,* = lim n%|:c =
n— oo n— oo
= lim 6%1“”|$|1_%
n—oo
= |z|
1 n
= a, < <|x|2—|— ) for n large

Proof: We can find that
1 n
lim _ Gn = lim n ﬂ
n—00 (|x +1)n n— 00 I{L‘| J%
2

1

Ap ™ T
Notice that for large n we would have — = 1 and Iﬂl|_+|1 < 1, which yields us that
" EEE]
20

thus proven convergence. O

Now STP commutativity.

40



Proof: We have

n=0 n=0
N-1 0o
= lim + lim E
h—0 h—0
n= n=N
N——— N——
A B

Hence we can choose N large so that |B| < %, and then we can choose ¢’ so that for all |h| < ¢, we have

|A\<§.D

Remark:  We also need a range for h in part B to make smaller than %, thus, we need to choose
d =min{d4,dp}.
Proof: Notice that by mean value theorem, we have

Z ((x—’—h;’L - T —TLCEn_1>
n=N

= (n(z+&h)" " —na™ 1) for &, €10,1]

n=

=2

gg. O

Result 0.9: Summary of Tricks

To wrap up, we have

(oo} oo
1. For Z Qnp, if |an|% <r <1 for large n, then Z @, converges.

n=0 n=0

= a

. 1

2. For E anp, if —ntl
n=0

o0
< r <1 for large n, then Z an, converges.
an

n=0

41



Definition 0.10: Dirichlet’s Test

N N
We want to analyze Z anby,. Suppose S, := Z bn, thus we have

n=1 n=1

N N
Z anby, = Z Qp (Sn - Sn—l)
n=1 n=1

N N
= Z anSn - Z anSn—l
n=1

n=1
N N-1
- § anSn - anJrlSn
n=1 n=1

if |S,| < M < oo and a,, — 0, then we have

N
Z anbn converges
n=1
Definition 0.11: Abel
oo
Suppose b, — b and Z an is convergent, then
n=1

i anby, = i an (b, —b) + i ba,,
n=1 n=1 n=1

is also convergent.

Lec 17 - Wed - Feb 14 - 2024

Goal 0.14

If f,(x) = f(x) and f,(z) is continuous, is f(z) continuous.

Example 0.30: Counter Example

One counter example would be f,,(z) = 2™, then lim z" is not continuous since over [0, 1],
n—oo

1 =1

42




Consider the following reasoning;:
Proof: We want to have f(x) to be continuous at zo: Ve > 0, 3 6 > 0 such that V |z — x| < 0, then

[f(z) = flzo)| <e

Since we know that f,(x) is continuous, so

[fal@) = fulao)| < ¢

and
|f(2) = f(zo)| < [f(2) = fa(@)| + [fn(z) = fulzo)| + [fn(x0) — f(20)]
€
3 .
Step 2: for n fixed, we choose § so that if |z — x¢| < d, we have |f,(z) — f(zo)| < 3
However, this process is wrong since we choose x to find §, so z is dependent on § now. O

Step 1: for z fixed, we choose n so that |f,(z) — f(2)| <

Definition 0.12: Uniformly Convergent

fr is uniformly convergent to f over [a,b] if for any € > 0, there exists N so that if n > N,

|fn(x) - f(l‘)| <e€

for any x € [a,b]. We f, = f.

Result 0.10

If f,, is uniformly convergent to f, then f, continuous implies that f is also continuous.

Example 0.31

sin (E) = 0 over [-1,1].
n

Example 0.32

We have x”/zf 0 over [0,1), since we know

n

' =1 as r— 1"

Example 0.33

We have nx sin ( >;{1 over [—1,1], since we have

1
nx
2 ( 1 ) 2
n - — sin = | ==
™ n-—= s

™
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Theorem 0.11

If f,, — f over [a,b] and f continuous f,(z,) = f(z) for any z,, - ¢ <= f, = f over [a,b] and f is

continuous.
Proof:
1. (=)
We have
=fl(én)(xn—2x) —0 by assumption
2. (=)

Follow the above examples and steps.

thus completing the proof. O

Theorem 0.12: Arzela-Ascolli

If |fn| < C < o0, then f, — f over [a,b] implies f, = f.

Lec 18 - Fri - Feb 16 - 2024

Recall from last lecture, for f,(z) and f(z) continuous over [a,b]. If f,(2) # f(z), then there exists
Zn — « € [a,b] such that f,(z) = f(z).

Goal 0.15

Suppose f,, — f, is it true that

/abfndx%/abfdm

1. Consider

1
na sin () +(1—|z)* =1 over[0,1] asn — oo
na

we have
! 1
s 1- n
/0 n sin (nx) +(1—z|)
1 n 1 (1 — »\n+1 1
= 7/ xsin() dm—&—&

n Jo x n+1 0
—_———

1 0

2. For

nz" 1 0<z<l1
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Note that as n — oo, we have

0 0<zx<1

fn%f:

1
3. If f,(xz) — 0, is it possible that / fn(2)
0

Theorem 0.13

b b
If f, = f, then liTIln/ fn(z) dx z/ f(x)

Example 0.34

‘We have

since

1 z=1

dzr = 1.

dx.

N 00
Zx” = Z over [0,1/2]

n=1

n=1

Theorem 0.14: Monotone Convergence Theorem

If f, — f over [a,b], and f1 < fo <...then

b b
liTILn/ fn(x) dx :/ lirrln fn(z) dz

Theorem 0.15: Dini

= /ab fn(z) dz

If f,, and f continuous and f,(z) A~ f(z) for all z € [a, b], so

fn=f

Proof: Ve > 0, we want N such that if n > N, s0 0 < f(z) — fo(x) < € for any z € [a, b]. Define

U, = {x € [a,b]: f(z) — fn(x),e}

Claim: Uy = Un+1 = - = [a, ] for large N.
Proof of the claim:

SFAC V m, 3 x4, € [a,b]\Upn,. However, z,,, € [a,b] = z,, — x € [a,b], and since lim UU" = [a, ], so
n

x € U; for some 7 € N.

=

n—oo

fl@) = fi(z) <e
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However, by what we supposed, we have €, f(2m) — fin(@m) < f(@m) — fi(zm) < €, which is a contradiction.
a

Example 0.35

Considet the previous example, another justification would be
N 00
Z " Z z"™  over [0,1/2]
n=0 n=0

Theorem 0.16: Dominated Convergence Theorem

For f, and f continuous and f, — f over [a,b], and |f,| < M <« oo, then
b b
lim/ fn(z) dz :/ lim f,,(z) dz
TUT - Mon - Feb 26 - 2024

Weierstrass M-Test

Theorem 0.17: Weierstrass M-Test

Let A C R, and f : A — R. Suppose 3 My > 0 such that |fx(x)| < My for allz € A, and ZMk < 00.

k=1
Show that Z fx converges uniformly and absolutely on A.
k=1
Proof: Let S, (z) = ka(x). Let € > 0, becuase we know that ZMk <« 00, choose N > 0 so that
k=1 k=1
m >n > N, then Z M <e. THenif x € A, m >n > N, we will have
k=n+1
|Sm(@) = Su(@)| = | D ful@)| < Y My<e
k=n+1 k=n+1

Thus for each x € A, {S,(x)},, is Cauchy. Then we let S(z) = lim Sy, (x) = ka(x) If n> N,z € A, then
k=1

(@) = Su(@)] = |lim S(w) — Su ()]
= 1im | Sy () — S ()
<lime

= €
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Example 0.36

cos ( 2" ) cos (2™x)

Show that Z T

converges uniformly on R and compute / Z

Example 0.37

Show that Z sin (%) converges uniformly on any closed interval [a, b].
n

n=1

Lec 19 - Mon - Feb 26 - 2024
We talked about Midterm
Lec 20 - Wed - Feb 28 - 2024
We talked about Midterm solutions
Lec 21 - Fri - Mar 1 - 2024

Remember from last lecture, we have that if

fu(@) = flz)  fo(x) = g(2)

and f] () is integrable, then we have

Jula / F1() dx + fo(zo)
> f@ =tm [ g do+ S

- = | " (@) da + F(x0)

0

the last arrow holds if, for exmaple, f/(x) = g(x). Therefore, we find that if f](x) converges to g(z)

uniformly, then
a _
doe
Example 0.38

Justify that

re Te T = ge®

as h — 0 over [0, 1].
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Proof: #1 We first use contradiction to prove that for all e > 0, 36 > 0 so that if |h| < 4, then
—x _—xh __

|xe e xe | < e

Vx € [0,1]. SFAC that 3 €p > 0 such that V 1, 3 |h;| < 1, 2; € [0,1], but

lze e ™" — x| > ¢
However, x; — xo, and h; — 0, which implies that
lze e ™ — x| = |ze™" —xe ™| = 0> €

which is a contradiction. O

Proof: #2 It STP that
‘(ace_”(l - e_xh))/‘ <C<K oo

Let fy(z) := xe=(1 — e~*"), so it STP fy = fo and |f;| < C. The key in this method is that
fu(xn) = folx)

if z, = x and h — 0. Then we notice

fulzn) = fo(e) = fu(zn) = ful(@) +fa(x) = folz)
£ (zn—=)

Result 0.11
If f, = f over [a,b], then

(1) f, continuous implies f is continuous

@) tim [ £, = [tm7,

(3) fI = g implies that f exists and f' = g, and

1i7rln %fn = % li7rlnfn
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Power Series

Notice

N
In= Z an(z — )"
n=1

N
= fy= Z nay(x —c)" !

n=1

We can take teh derivative inside since we are summing up a finite sum. Thus if

lim |a,(z — c)"\% <L<l1
n—roo

then the series converges, where

3=

lim |a,(x—¢o)"|" = hm ( %(z - c)>

Therefore it suffices to have (radius of convergence)

Notice that R’ for f}, is

, 1
T L L
lim,, o0|an|mn»
1
hmn—>oo |an| n
=R
oo
Suppose Z |an (xo — ¢)™| converge, then we would have
n=1
1.
N
Z (g — )" Zan xo— )" = S(x)
—20 + 2¢ c T over [—xg + 2¢, zo]
2.

Zn an(rg —c)" Zn an(zo — )"t i= S ()

over any proper subinterval [a,b] C [~z + 2¢, x¢] where a # —x¢ + 2¢ and b # xy.
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Over the interval |z — ¢| < R, we can do
a b
—¢+R c c+R
1.
b 00 b
/ Zan(x—c)" dx = Zan/ (x— )" dx
@ n=0 n=0 a
2. ) )
dF & non d n
s an(x — )" = Wa"(x —c)
n=0 n=0

Lec 22 - Mon - Mar 4 - 2024

Our goal is to justify that
1 1
In2)=1-=-+-—---

Method 1 : Lower Sum

1—1+1+~-~+;+L=<1+—+ +i>—2(1+1+ +L>
2 3 2N —1 2N 2 2N 2 4 2N
:<1+—+ +i>—(1+—+1+ +i>
2 2N 2 3 N
1 1
“N+1 U TaN
1 1 1 1
N N

which is essentially the lower sum of the function f(z) := over the interval [0, 1]: notice that the above

1
x+1
expression is also equal to

k
k=1 k=1 N
N
=" Az f(ax)
k=1

Therefore, as N — oo, we can find that it approaches In2 (We can take the integral of the function from 0
to 1).
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Method 2 : Euler-Mascheroni v Constant

It is easy to notice that

. 1 1
llm(1+—|—-~-—|——lnn)
n 2 n

exists, since we know that

1 1
ap=14+-4+--+——Inn
2 n

and easy to find that

Therefore, as a result,

1 1+1+ + L +i— 1+ +L 211+ +i
2 3 2N -1 2N 2 N

I
—_
+
+
2
2
N—
I
=
[\
=
I
7N\
N
=
+
+
\
N—
I
=
=
N—
+
=
[\

Method 3 : Taylor Expansion

We know that

2 _{\N—1,.N (N+1)
f(x):111(1+x):x—%+...+( 1)N z +f(N++(1£)I;[)xNH

and

Therefore, we have

m2—1- 141 +(_1)N—1
He=1t7573 N

N!

: N
Notice that (—1) I+ ) (V1)

=0 as N — oo. Thus completing the proof.

Method 4:

We know that

o1



Therefore, we can know that

/ dx—/ " dx
o T+1

t2 3 ¢t
= In(l+t)=t——+———+---
n(l+1t) 2+3 4+

as long as |t| < 1. Note that when ¢ = 1, LHS = In 2, and the RHS is equal to the infinite series we want.
However, the things that is missing is that when ¢ = 1, we cannot necessarily take the integral. Therefore

we consider the following process:

1 n
In2= hm In(1+1¢) = lim Z =t gt

t—1-— n—+1
=3t E
t»1- n+1

n=0

if we can commute the limit and the sum. Therefore it remains to show that

1 tn—i—l 1 ;tn—i-l
1mz:nJrl Zt—lgl—nJrl

t—1—

Lec 23 - Wed - Mar 6 - 2024

~— Goal 0.17
We want to show that
= (-1 1
1 tn+ lim 7tn+1
t—lgl—nz:: n+1 Zt—lu—nJrl

Equivalently, we would like to show that

o

lim >~ ﬂ(t"“ —1)=0

t—1— n+1
n=0

Proof: Want to show that Ve > 0, 3§ so that if 1 —d <t < 1, then

lim f: ﬂ(t”+1 —1)<e

t—1- n+1

1. Step 1:
Choose N large so that

for all 0.9 <t < 1.
Recall Abel’s test, we define




hence

P S
n=N n=N

= i Snbn - i Sn—lbn
n=N n=N

> Subn— Y Snbata

n=N

n=N-—1

oo
= - n—lbn + Z Sn (bn - bn+1)
N—— oy’ —_———
—C-(tN+1-1) ——C-(tN+1-1)

2. Step 2:
For fixed value of N, we want to find ¢’ small such that if 1 — ¢ < ¢ < 1, then

S e =)

n=0

DN ™

Remark: Note that this is essentially the proof for continuity.

Therefore, we can simply choose

0= min{O.l, 5’}

thus completing the proof. O

In general, if Y | a,z™ converges (uniformly) over |z| < R and ) . | a, R™ also converges, athen we

have

Our goal is
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Notice that we have

1 1 2 z3
/ 1H(1+$) de:/ 37_74‘?_"' da
0 €z 0 T
1 oo
—1)" g™
- [T w
0 0 n+ 1
oo 1 n
=S [
0 o n +1
1 1 1 1
Sty et
2
n=1 n
1 1 1
=(lrgtg)-2gtet
111
=D 35 X
n=1 n 2 n=1 n
12
Therefore it remains to show the following
IR
— n2 6
Proof: We notice that
sineg <z <tanzx for x € {O,g}
Thus we have
1 - 1 (cosx)?
(sinx)? — z? (sinx)?
1 1 1
< —
(sinz)? — x? (sinx)?
k m . . . . .
Define zy, := 5 3 and substitute it back to the inequality we obtained,
1 1 < 1 < 1
(sin zy)? ~a? T (sinay)?
2m -1 1
where we also define Z — = = 5,,. As a result, we can easily find that
— (sin xp)?
21
k=1 7k

Remark: We need to think about this in the sense of geometry, refer to Xuemiao’s notes for details.
O
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Lec 24 - Fri - Mar 8 - 2024

Our goal is to justify the Stirling’s Approximation, that is

n! =+2mn (E)n el%
e
for some 6 € (0,1).
We first introduce a,, to be
nlem
Ap = nn+%
Therefore it suffices to prove that
05
lim a, = V27 -e2n
n—oo
Notice that
n!e” +
G, _ n"+% — (1_1_%)"’ i
Uney | (nADren e
n+ (n+1)n+1+%

e(n-l—%)ln(l-i—%)

e

We can discover that

1 1 1 1 oy ey
2n+1 2n+1

“)ln(1+=) = Z).92. 1 ey o DT

<n+2>n(+n) <n+2> 2n+1(+ sttt

1 1
2n+1)2 (2n+1)2F
= 1 — DRy —
+ 3 oot 2k+1
<1+ L L + -+ ! +
- 3\ (2n+1)%k (2n 4 1)2k
1 Y
= ]_ —I— — . %
31— (2n+1)?
1 1
=14+ - . ——
METARTCIY

Therefore

1 1 1 1
1< w1+ ) <14~ ——
—(n+2)n< +n>_ USTRECESY

a 1
= 1< ° < e12n(ntD)
an+1
a Q.
= ';7, S n—li-l
e1z2n e12(n+1)
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and since a,, \, and —— 7, and
e1zn
Qn
— < Gn
e12n

so we know that there exists a € (%i—, an) such that
el2n

=
=
= a, = ae1n for 6,, € (0,1)
=

Theorem 0.18: Wallis

We have
T 1 @n)! \?
§_ﬁg&2n+l<Qn—lw>
Note that

)t ((2n)1H?  (2"nl)?

2n—-1D!"  (2n)! (20!
a2
av2n (2

=

lim —
nooo2n+1 2
After computing we can obtain that a = /2.

Lec 25 - Mon - Mar 11 - 2024

Here we justify why

n—|—1 In 1—|—1 —1—|—1 L +1
2 n) = 3(@2n+1)2 5(2n+1)

56



Proof: We have for |z| < 1,

—

xT

1+x

—ln(l—x)zx—l—%—km

3
—ln(l—}-:v):sc—%—l—”’g—3

Theref imply let © = ——
erefore we can simply let = 1

L=1—|—CE—|—1‘2—|—$3+-~'

L:l_x+m2_x3+

X

3 ' 5

ZE2 .’L’4
tg Tt

, so we can have the desired outcome. O

We also want to justify Wallis Lemma.

Proof: We have

El "
/ B P (2n)!!
3 o2n — !
/ sinznacdxzz(n )
Moreover, we know that
sin?"tlg < sin®"z < sin®* 'z
z Z Z
= / sin?*! dz < / sin®” dx < / sin?" ! dg
0 0 0
(2n)!! < m (2n — )N (2n —2)!
Cn+1I =2 (2n)! (2n — N

2n o« 1

(2n)!!

Mm+12 ~2n+1

as desired. O
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Our goal this time is to prove that

Lec 26 - Wed - Mar 13 - 2024

1

Notice that the coefficient for 2% for LHS and RHS respectively is

11 1
6 w2 (2m)?

= Tr_2:1_|_l_|_i+...
6 22 32

2

Notice that

(22)* (22)°
sin 2x 21‘(1_ 2 )(1_(271'2))

T e T (1= ) (- ) -

4z 422
S

.732 xQ
RHS:&E“J(“?)"'(“W)

lnz(l—%)---(l—%)

Proof: Meaning of the RHS:

= lim e
N—o0

= hm eZ::lln(l_n%frZ)
N —oc0

Formula:

sinz = sin ((2n—l— 1)2 x—l—l)
n

=sin ((2n + 1)y)
= siny - P(sin®y)

o8



where P(t) = ant™ + - - + ag. Hence our goal is to show that
sin ((2n 4 1)y) = sinz = siny - P(sin? )

) 2
=@+ Dsing - (1— —p—2— ][ 1- 2
Sin In+1 Sin In+1

the leading “coefficient”; 2n + 1, is obtained from moving siny to the left and take y = 0. Notice that when
n — oo, we can find that

T
(2n +1)sin x

2n+1

2 2
22 22 T —— 2
B sin” 5.0 sin® 5 . (2n+1) . <2n+1) 7
) T - 2 2 2 s 2
sin® 5.7 ( - ) ( - ) sin® 5709 s

2n+1 2n+1

And the following part are obtained from

sin((2n + 1)y) = Im (eiy@”“))

= Im ((cosy + isiny)*" )

Lec 27 - Fri - Mar 15 - 2024

Continue from last lecutre, let n — oo, we would have

. IL'2 1'2

However, notice that that in regard to the last term, we dont have

.o nm (71')2
sin ==
2n+1 2

as n — oo. But we can notice a pattern:

n
0 sinx
2
. x _ sin 3
1 3sin 3 1— 52 T
23 2z
. & _ sSin 5 _ sim- =
2 5sin 5 1 sin? T 1 sin2 2%
0 — sinx

Notice how the tail does not matter, here is a better proof:
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We want to show that

. . T sin? Y sin? Y
lim (2n + 1) sin N1 [1 -
n—o00 2’!L+ 1 Sin 27Zr+1 Sin 2211

CC2
”’(“ﬂ)"'

Proof:

1. Step 1:
We first choose N large so that

for any n > nyg

2. Step 2:
For N fixed from step 1, there exists ny large so that if n > nq,

r N sin?y 2 22
e v g 2y 0 G ‘x<1‘7r2>“'(1‘nzwz)

k 2n+1

<€

Combining step 1 and step 2, we take n > max{ng,n1}, so the following follows naturally. O

Lec 28 - Mon - Mar 17 - 2024

~— Goal 0.23

Define f,, : [0,00) = R by

frn(x) = nxe ™™

Find the pointwise limit f(z) = lim, o fn(z) and determine whether f,, — f uniformly on [0, c0).

Using L’Hopital’s Rule, we can obtain that

1
m-——=20

i, oy = AL ey

t—00 (eCE)
and at £ = 0, we also have nze™™* = 0 — 0, hence we can find that

nxe """ —0 over [0,00)
Notice that the maximum of the function is at x = %, where the function is evaluated to be e™!, which does
not converges to 0, thus we can conclude that the function is not uniformly convergent to 0.
Exercise: Show:
fm=2f = folz,) — flx) as z, —
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we simply have

Fal@n) = £(@) 2 ful@n) = ful@) + fula) = f(2)
L fuwn) = fzn) + fzn) — f(2)

uni conv continuity
Define f,, : [0,00) = R by
fulw) =
" 1+ na?
Find the pointwise limit f(z) = lim, o fn(z) and determine whether f,, — f uniformly on [0, c0).

Notice that function converges to 0, because we can rewrite the function as

so the pointwise limit of the function is 0. Easy to notice that the function converges to 0 pointwisely over

[0,00), so we can only consider the interval [0, 1]. Recall that a® + b? > ab, so we have

x < x _ 1
1+n22 = 2y/nz2 2vn

hence the function uniformly converges to 0.

Define f,, : [0,00) = R by

r+n

fu(@) = z+4n

Find the pointwise limit f(z) = lim, o fn(z) and determine whether f,, — f uniformly on [0, c0).

We can find that the function converges to i since we can rewrite the function as

T+n 41 1
n p— e %_
Jn(@) z+4n T4+4 4

We first prove that the function is not uniformly convergent over [0,00), we can simply take z = n for all
values of n.

Remark: Using the definition to prove the above statement.

1 1
Find / lim nz(l — 2?)" dz and lim nxz(l — z*)" da.
0 n—oo

n—0o0 0
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We can find that the first integral evaluate to be 0 since the limit goes to 0. For the second integral, we have

1 1
1
/nm(l—xz)"d:v:——/ n(1 —zH)™ d(1 — %)

0 2Jo
1 n 11
— _ . 1— 2\n+1 -
e U A

thus we can conclude that the function is not uniform convergent, because we have different solution when

commuting the integral and the limit.
1

e

Remark: The bad point in the function is when = approaches to 0, specifically, at z =

Lec 29 - Wed - Mar 20 - 2024

Find . .
lim arctan(nz) dr — / lim arctan(nz) i
1

n—oo [y X n—r00 x

Easy to find that the RHS is simply 7 In4. For the LHS, we can use the Mean Value Theorem to

have . A
t 1
lim arctan(ne) dx = arctan(z€) / —dx
n—oo [y xr 1z
On the other hand, we can try to prove that

arctan(nz) -

IV
8

over [1,4]
x

We can use the dominated convergence theorem, using the fact that

arctan(n
arctan(nz) | _ o
T
Alternatively, we can also use Dini with the fact that
arctan(nz T 1
arctan(ne) 7 1
T 2 =z

Show that

Our goal is to show that for all €, there exists Ny so that if Ny > Ny > Ny, then

N1 N2
cos(2™x) cos(2™x)
g T g T2 for any x € R

n=1
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Notice that the LHS is less than or equal to

N2 N2 o0
cos(2"x) 1 1
—= 7 < < ——d

DI A

TL:Nl ’IL:Nl Nl

(o)
Show that Z sin (%) converges uniformly on any closed interval [a, b].
n
n=1

. T
We have sin <—2> ~ =
n n

Is it true that: If (f,,) and (g,) converge uniformly on E then (f,g,) converge uniformly on F.

Proof: Wrong, consider f,, = x + % and g, = x + %, notice that f,g, = z?+ 27“” + #, which is not uniform

convergent because 27””7-?0 O

| Show that if (f,) and (g,) converge uniformly on E and f and g are bounded on E then (f,gn)

converges uniformly on F.

Proof: We have

|fngn - fg| = |fn(gn _g) + (fn _f)g|
< gn = gllf1+ [fn = fllg]

wwwww O

Lec 30 - Fri - Mar 22 - 2024

We want to identify whether

N o]

—1)ngn —1)ngn
Z (n—}—)lnwn = Z (n +)1n$n over [0, 1]
n=1 n=1

Proof: We define

o (epm
Sn '_;k—i-lnk
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We would like to show that LHS is a uniform Cauchy sequence
N1 Ny | No ‘
n=1 n=1 Ny

Na

=D (Sn = Sp-1)a"

N1

N2 N2
= E Sn.’En — E Sn,lx"
Ny

n=N;

No—1
= Z Sn(gc" — J,'n+1) + SNQ.’I?N2 — SN1,1$N1
n=N1
Nao—1
Z Sn($n _ xn+1)
n=N1
No—1
< Z 1S, (™ — 2"t + ‘SN233N2 - SNl_lle‘
n=N1

IN

+ |S]\]2.’13N2 — SN1,1£EN1’

where we notice that the left sum is uniform, but it is hard to deal with the difference on the right. Alter-

natively, we could argue that the numerator is bounded, thus we could have

(~2) = (=)™

Sp 1= zn:(—l)kxk =

— 1+
then
N2 Nl
1 1 1 1 1
Sp—Sn_1)| = SN, — SN, — — 1 118
;n—i—lnn( " n-1) Ny +1In N M N5 +1n Ny Na—1F Z]:V (n—l—lnn n+1 nn > "
1 n=~Ns

which is uniformly convergent. O

Goal 0.33

Find the Taylor series centred at 0, and its interval of convergence, for f(z) =

Exercise: Check the radius of convergence.

wwwww O
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T
Find the Taylor series centred at 7 and its interval of convergence, for f(z) = sinz cosz

Proof: We have
f(z) = %sin(2x)
L)
Sesafo)

Recall that the taylor’s expansion for cos at x = 0 is

*3)
)

0 (_l)nt2n
cost = 7;) W
thus
R O G 9
f(z) = B} 7;0 (2n)! 4 over R
O

Let 0 < a < b. Note that QN [a,b] is countable, say Q N [a,b] = {q1, 92,93, ..}. Find the interval of

convergence of the power series E Gnz™.

n=1

Proof: To find the radius of convergence, we may find

1
n

limsup (|gnz™|)™ < 1

n—oo

from which we can obtain that the radius of convergence is R = 1. O

In(1+ x)

Find the 4" Taylor polynomial centred at 0 for f(z) = or

Proof: Long division O
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Let f(z) = 2 + 2 + 1. Note that f is increasing with f(0) = 1, and let g(z) = f~!(z). Find the 6th

Taylor polynomial centred at 1 for the inverse function g(x).

Proof: g(f(z)) =2z = g@*+z+1)=2. 0O

Lec 31 - Mon - Mar 25 - 2024

Let f(z) = (8 + 2%)?/3. Find £ (0), the 9th derivative of f at 0.

Proof: Recall the Binomial Expansion, we have

14z = Z (i)x” for x| < 1

n=0

Hence,
312/3 _ q2/3 2\ 3\
(8+x°)%° =8 (1 + (5) >

— (e ()6 (@)

Hence the nineth derivative is given by the term with power of 9, where the answer is

3-3
82/3 % 1 dg.iBg
3 2 dx®
~—~

~

=9!
O
. re® —sinx
Evaluate lim ————.
z—=0 r —tan™ " x
Proof: We prove this using Taylor Expansion
22 23
2 _ I G I
ze —a:<1+:c+ o1 + 3l + e (1)
. 2 2
smxzx—a—i—ﬁ—ﬁ—l—--- (2)
r=z (3)
x> 2b 27
tanlr=10—- —4+ =~ - 4. 4
an” T =ux 3 + 5l 7 + (4)
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~— Goal 0.40

Solve y"" + 3y’ — 2y = x + 1 with y(0) = 1 and ¢/(0) = 2.

Proof: The formal solution is to write out y as a polynomial of x and compate the correpsonding coefficients.

Suppose y; is a solution and yo solves yj + yj — 2yo = 0, thus we have

Yty -2 =a+1
Yo + Yo — 240 =0
= (yi+v0)"+ Wi +y) —2(y1 +yo) =z +1

Hence we want to find the special solution, y;, that can be used to generate all other solutions. Notice that
3

Y= ,g + C is one of them. Solving for C' we find that C = v Then, we would like to find a solution to

y" 4+ 1’ — 2y = 0. Notice that the solution would be e = e® and e~2*, thus completing the solution. O

Tut - Mon - Mar 27 - 2024

Goal 0.41

Our goal is to evaluate /e so that the error is at most Tlo()'

Lec 32 - Wed - Mar 25 - 2024

Consider the example
x (_1\yn—1
In(2) =In(1+1) =Y (Gt i

n

[

n=

The first method was that we know

1 oo
= —x)" <1
14+ n;o( 7) 2]
. . > (_1)nwn+1
integration = In(1+z) = Z A
— n +1

Recall that we take the limit of x approaching 1 from the left side, and we commute the limit and the sum.
However, the commutativity process is the subtle step that needs to be reviewed carefully, since it does not

work for all cases. It is important to note that we don’t have the following comparison:

i (_1)nxn+1
n+1

n=N

— (—=1)"
n+1

But how can we make it right? We know that the right hand side converges, which is due to the reason that
it is alternating. It gives us a limit, which can be justified by the Dirichlet Test. (Or we can think about
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how we can group it in pairs in two different ways, which will then show that it is bounded between two

values, and it is monotone in either ways, so it definitely converges). Noticebly, the left hand side is

2?2 23 2t

‘E_?‘L?_IJF'" for x € [0, 1]

where we can do the same thing, that is, group the sum in pairs. If we group the first and the second, the
third and the fourth ..., we can find that it turns out to be

S
2n+1 2n+2

n=N

o0
x2n+1 m2n+2

n=N2n—|—1 2n + 2

but how is the inequality obvious? We notice that the function 2% — z2"*! > 0, which is derivative of each
term on the left hand side.

Let a; = £ and for n > 1 let a,41 = %. Determine whether (a,,) converges, and if so find the limit.

Proof: We notice that

6 6 6(an — an—1)
a — Ap = — =
T Ty 5 —an1 (50— an)(5—an_1)
Some induction is required to prove that the denominator is positive, and then we will find z = s O

Let (x)r>0 be a sequence in R with |z, — zx—1| < 75 for all k > 1. Show that (}) converges in R.

Proof: We have

TN —an| = |en — N1 F TN — TN+ T — TN

1 1 1
< -
R ER P VER U G }E
1
N X

Z convergent or divergent?

Proof: Integral test. O
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oo
Z(—l)”21/ ™ convergent or divergent?
n=1

Proof: Divergent. O

oo
Z convergent or divergent?
n=1

nln™
(2n)!

Proof: Ratio test or Stirling’s Approximation. O

oo
n=1

1
<n sin~! (—) — 1) convergent or divergent?
n

Proof: Taylor expansion of inverse of sin. O

> n
Compute Z m
n=1

Proof: We can compute

Alternatively, we have n=n+1—-1. O
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>

n=1

2
n

Find the sum of each of the following series, if the sum exists




Proof: We can first find that the sum is convergent because 2" grows a lot faster than n?. To compute, we
compute

which is a geometric sequence. O

Find the sum of each of the following series, if the sum exists

>
n—>2 an—lan+1
where {a,} is the Fibonacci sequence.
Proof: We have
1 1

Ap—1Ap+41 anfl(an + anfl)
Ap + Ap—1 — Qp—1
a'nan—l(an + a'n—l)

B 1 1
GpQn—1 an(an + an—l)
1 1

QApAp—1 anan—i-l

which is in the form of b,, + b,41 O

Find the sum of each of the following series, if the sum exists

Proof: Similar as above. O
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Find the sum of each of the following series, if the sum exists

i ef(nln2)/2

n=—1

Proof: We have e~ ("112)/2 — n27"/% o

Find the sum of each of the following series, if the sum exists

Proof: We have

6n? 6n2
n—1  (m+1)n*-1)
32 +1—(n® —1))
M3+ 1)(n3-1)
3n? 3n?
n—1 nd+1

d

Evaluate each of the following infinite products

2 _ _
Proof: we have 1—i =0 1 = (n 1)(n+1). O

n? n? n?

Evaluate each of the following infinite products

fi(2)

n=0

1\ T 1
Proof: As a hint, we compute (1 - 5) H (1 + ﬁ) instead. O

n=0
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Evaluate each of the following infinite products

Proof: We factorize it and get

If > ay, converges, then Y e diverges.

"

Proof: The statement is true because we know that a,, — 0, and thus the right hand side is bounded below

by sum of infinitely many 1’s. O

If 3" a, converges, then Y a2 converges.

"

n—1
Proof: Construct (_1/)5 which is a counterexample. O

If > ay converges and Y |by| converges, then > ayb, converges.

2

Proof: The statement is true. O

If f(x) is positive and continuous and / f(z) dz converges, then Y~ | f(z) converges.
1

Proof: The statement is false. O
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If limp, o0 §* = 1 then ( ) a, converges <= > b, converges ).

Proof: Consider the sequence that as, = \/;27 and agpy1 = —agy, and b, = L 1 L thus we have

2n ﬁn’
constructed a counterexample. O

If 3" ay converges then ) ;72— converges.

Proof: False. O

Theorem 0.19

Riemann Series Theorem

Example 0.39

‘We have

/ x(lcrllxx)?’ B / (Cllrir;;;’

Example 0.40

Compute

/Sin\/fal:c:/Sin\/fd(\/i)2
:/Qﬁsin\/id\/i

Example 0.41

Compute

/ 1+xdm—/ 1+x e
Vi) A
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Example 0.42

Compute

Example 0.43

Compute

Example 0.44

Compute

Example 0.45

Compute

Take z = tan 6.

Example 0.46

Compute

Take 2 = 3secf.

/ cos®™ 6 df =

(c052 9)" do

/
[

2

)

/(xlnx)2 dr = /(1113;)2 d%s

Lec 34 - Wed - Apr 3 - 2024

/(wlnx)Q dz = /(lnx)Q d%g

Lec 35 - Friday - Apr 5 - 2024

V3

T

74

/‘/gx/lJr:r2 d
—— dz



Example 0.47

Compute

/6
/ sin 2z sin 3x dx
—7/6

We have
—cos(A + B) + cos(A — B)

2

sin Asin B =

Example 0.48

Compute

/ sin® /z dz = / sin? /z d(v/x)?
0 0

Example 0.49

Compute

w/2 /2
/ cos®" () dx = / cos® 1 (z) dsin(z)
0 0

/2

/2
= cos®™ 1 (x) sin(z — sin(z)(2n — 1) cos® 2 (z)(—sin(z)) dz
= (z) sin(z) /0 (z)(2n —1) (z)(—sin(z)) d

0

Example 0.50

Compute

/Tr sin(na) /7r sinf(n — D +a]
0 0

sin(x) sin(x)
T o3 _ 1 ™
:/ Mdm+/ cos(n — 1)z dx
0 0

sinx

the expression on the left is symmetric about the line z = 7/2.

Example 0.51

Compute

sinx
—— dx
sinx + cosx

We use Weierstrass Substitution, taking ¢ = tan z/2.
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Example 0.52

Compute

Example 0.53

Compute

Integration by parts.

Example 0.54

Compute

we have

/”/2 z dx
x/a (sinz + cosw)?

2
/ (1+ 2:1:2)63’32 dx
1

3 3/571, dx
, ot ita

atbh— (a1/3 +b1/3) ((a1/3)2 n (b1/3)2 _a1/3b1/3)
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